Abstract A class of quasi-exact solutions of the Rabi Hamiltonian, which describes a two-level atom interacting with a single-mode radiation field via a dipole interaction without the rotating-wave approximation, are obtained by using a wavefunction ansatz. Exact solutions for part of the spectrum are obtained when the atom-field coupling strength and the field frequency satisfy certain relations. As an example, the lowest exact energy level and the corresponding atom-field entanglement at the quasi-exactly solvable point are calculated and compared to results from the Jaynes-Cummings and counter-rotating cases of the Rabi Hamiltonian.
The description of a two-level atom interacting with a radiation field is of interest in many fields of physics, such as condensed matter, biophysics, and quantum optics. [1, 2] The most common approximation assumes that the radiation field is quasi-monochromatic, which leads to the so-called Rabi Hamiltonian. More complicated extensions with N two-level atoms interacting with a quasi-monochromatic field are described by the Dicke Model. [3] Therefore, the Rabi Hamiltonian is the simplest case of the Dicke model. Though it has been conjectured that the Rabi Hamiltonian may be exactly diagonalizable, [4] with many analytical and numerical studies carried out in the past few decades, [5−11] exact solutions have not been presented except for the special cases considered in Refs. [11] ∼ [14] . Considerable attention has been paid over the years to the solution of the Rabi Hamiltonian. [15, 16] Especially, a classification of most quasi-exact solutions to the Rabi Hamiltonian was made in Ref. [15] , and some special cases were shown in Ref. [16] . Similar quasi-exact solutions for boson systems were also considered in Refs. [17] and [18] . Due to the absence of an exact treatment, approximations have been adopted in some cases. The Jaynes-Cummings (JC) model, [19] which neglects the counter-rotating term in the Hamiltonian, and another case with the counter-rotating term are two known solvable cases.
The Rabi Hamiltonian of a two-level atoms interacting with a single-mode field via a dipole interaction and without rotating-wave approximation can be written aŝ
where ω 0 and ω are frequencies of a single-field mode and the splitting of the two-level atom, respectively, a and a † are annihilation and creation operators of the field mode, respectively, satisfying the usual bosonic commutation relation [a,
Ŝ in which case the term g(f a † + af † ) that conserves the total boson and fermion number is neglected.
In the JC case, eigenfunctions of Eq. (7) can be written as
where n = 1, 2, . . ., µ can be taken as + or − in distinguishing two different solutions, |0 is the boson and fermion vacuum state, and
The corresponding eigenvalues of Eq. (7) are
In the counter-rotating (CR) case, eigenfunctions of Eq. (8) can be written as
where n = 0, 1, 2, . . ., µ can be taken as + or − in distinguishing two different solutions, |0 is the boson and fermion vacuum state, and
The corresponding eigenvalues of Eq. (8) are
It is clear that the eigenstates in both JC and CR cases are never degenerate if g = 0.
In the following, it will be shown that there exists a class of quasi-exact solutions of the Rabi Hamiltonian (5) when the atom-field coupling strength g and the field frequency ω 0 satisfy certain relations. Similar to Eqs. (9) and (12), one may write eigenstates of Eq. (5) into the following form:
where P is the parity, α and β are functionals of a † that are to be determined. Because the parity is conserved, α (β) must be an even (odd) function of a † for P = +, and an odd (even) function of a † for P = −, respectively. Therefore, similar to the procedure used in Ref. [20] , we introduce a wavefunction ansatz with
where b
2ν , and h
2ν+1 are parameters that are to be determined. We seek whether there are solvable cases under ansatz equation (16) . The basic feature is that equation (16) is constructed in terms of finite rank-k polynomials of a † with k = 0, 1, 2, . . . times hyperbolic functions under the guidance of the conjecture proposed in Ref. [4] . By using Eqs. (15) and (16) and solving the corresponding eigen-equation of Eq. (5), it can be shown easily that the parameters b
2ν , and h (±) 2ν+1 must satisfy the following conditions:
for ν = 0, 1, 2, . . . , k, where E R (±) is the corresponding eigenenergy. Since these polynomials are terminated for fixed k, it is assumed that b 
Under the conditions shown in Eq. (18), there is a class of exact solutions to the problem when g and ω 0 satisfy certain relations. In such cases, the parameters b
2ν , and h (±) 2ν+1 must satisfy a set of highly non-linear equations, which in general cannot be solved analytically. Therefore, in the following, we only list solutions corresponding to k = 0 and 1.
For k = 0, there is one solution with
and
when
For k = 1, the solutions are more complicated. We only list those with ω = ω 0 , which are
and 
where η = 0 or 1 corresponding to g > 0 or g < 0.
Though complicated, solutions with k ≥ 2 can be obtained similarly. It is clear that there is always twofold degeneracy with different parity for any eigen-energy at these quasi-exactly solvable points. When ω = ω 0 , these quasi-exactly solvable points are g/ω 0 = ±0.433 013, ±0.332 328, ±0.892 081, ±0.9525, . . ., which form an infinite series corresponding to k = 0, 1, . . . Though there is only one solution corresponding to each quasi-exactly solvable point, these solutions are useful in checking approximate solutions to the problem when g/ω 0 is at one of these quasi-exactly solvable points. It can be verified that the quasi-exact solutions listed in Eqs. (19) ∼ (22) belong to the isolated class shown in Ref. [15] by using Bargmann variables. It should be stated that, though results shown in Eqs. (19) , (20) , and (22) do appear in Ref. [16] , the exact point shown in Eq. (21) is novel and should be regarded as a supplement to the quasi-exact solution series. It is expected that there should be more quasi-exact points than those obtained by other methods when k ≥ 2 in the ansatz (16) to be found. Though perturbation method will improve a result starting from either the JC or the CR Hamiltonian, as an example of analysis, let us consider the resonant case with ω = ω 0 at the quasi-exactly solvable point g/ω 0 = √ 3/4 = 0.433 013 to see which approximation is better at this point. In this case, the eigen-energy of the Rabi Hamiltonian E R satisfies the following relations:
E CR (−, n = 1; P = −) = 0.327 396 ω 0 < E R = 0.8125 ω 0 < E CR (−, n = 2; P = +) = 1.25 ω 0 , E JC (−, n = 1; P = −) = 0.066 987 3 ω 0 < E R = 0.8125 ω 0 < E JC (−, n = 2; P = +) = 0.887 628 ω 0 .
It can be seen clearly from Eq. (23) that one solution from the JC approximation is much closer to the exact value than that from the CR approximation though the wavefunction of the Rabi Hamiltonian (16) is quite different from that of either the JC or the CR approximation.
In addition, one may calculate atom-field entanglement defined by [21] S = −Tr( f log 2 f ) = −Tr( a log 2 a ) , (24) where f and a are the reduced density matrix obtained by taking partial traces over the atoms and the field, respectively. It can be shown easily that S JC (n, ±) = 1, which is independent of the quantum number n, while S CR (n; ±) is n-dependent. The n-dependence behavior of S CR (n; ±) is shown in Fig. 1 . However, it can be calculated from Eqs. (16) and (19) that S R = 0.954 589 in this case. In order to reach this value in the CR case, the quantum number in Eq. (12) must be taken as n ∼ 80 corresponding to a highly excited level with eigen-energy E CR (79, −; P = −) = 75.5ω 0 or E CR (80, −; P = +) = 76.4766ω 0 , which, in this case, is far away from the eigenenergy E R of the Rabi Hamiltonian. Therefore, both the eigen-energy and the atom-field entanglement show that the JC model is much better than the RC approximation at this quasi-exactly solvable point.
In conclusion, an isolated class of quasi-exact solutions of the Rabi Hamiltonian is obtained by using a wavefunction ansatz. Further, we find that exact solutions for a part of the spectrum can be obtained when the atom-field coupling strength and the field frequency satisfy certain relations, which are called quasi-exactly solvable points. The explicit quasi-exact solutions obtained in this paper are supplemental to the known explicit quasi-exact solution series shown in Refs. [11] ∼ [16] . As an example, the lowest exact energy level and the corresponding atom-field entanglement at the quasi-exact solvable point g/ω 0 = √ 3/4 were calculated and compared to the results from the Jaynes-Cummings and counter-rotating approximation of the Rabi Hamiltonian. The results show that the Jaynes-Cummings model at the quasi-exactly solvable point is better than the CR case. Analysis of other high excited levels can be made similarly. The quasi-exact solutions obtained in this paper together with those given in Refs. [11] ∼ [16] should be helpful in checking approximation methods used in solving the Rabi Hamiltonian. Fig. 1 Atom-field entanglement S in the CR approximation as a function of the quantum number n at the quasi-exactly solvable point g/ω0 = √ 3/4 = 0.433 013, which tends to 1 when n → ∞. Only part of the curve with n ≤ 20 is shown.
